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The spectral form factor is a dynamical probe for level statistics of quantum systems. The early-
time behaviour is commonly interpreted as a characterization of two-point correlations at large
separation. We argue that this interpretation can be too restrictive by indicating that the self-
correlation imposes a constraint on the spectral form factor integrated over time. More generally,
we indicate that each expansion coefficient of the two-point correlation function imposes a constraint
on the properly weighted time-integrated spectral form factor. We discuss how these constraints
can affect the interpretation of the spectral form factor as a probe for ergodicity. We propose a new
probe, which eliminates the effect of the constraint imposed by the self-correlation. The use of this
probe is demonstrated for a model of randomly incomplete spectra and a Floquet model supporting
many-body localization.
I. INTRODUCTION
Level statistics play an unambiguously important role
in studies on quantum ergodicity [1, 2], thanks to the
universal properties as described by random matrix the-
ory [3, 4]. The applicability of random matrix theory to
describe the correlations between energy levels is quan-
tified by the Thouless energy [5], which gives the range
over which the random matrix theory description for fully
ergodic systems holds. For diffusive mesoscopic systems,
this range is intimately related to numerous quantities,
such as the conductance and the time required for elec-
trons to diffuse over the full sample [6, 7].
The dependence of the Thouless energy on the param-
eters of the system allows one to study the onset of er-
godicity. In the spirit of studies on disordered mesoscopic
systems conducted in the 90’s [8–10], recent years show a
revival of interest for this quantity from several directions
[11–19]. The correlations within the spectra are typi-
cally studied through the spectral form factor [20, 21], a
time-dependent probe for level statistics on ranges long
compared to the mean level spacing.
In this work, we show that the self-correlation imposes
a constraint on the spectral form factor integrated over
time. More generally, it is shown that each expansion co-
efficient of the two-point correlation function imposes a
constraint on the properly weighted time-integrated spec-
tral form factor. As the lower order expansion coefficients
characterize correlations at small separation, the con-
straints are effectively determined by short-range level
statistics. We argue that these constraints can affect the
interpretation of the spectral form factor as a probe for
long-range level statistics, as well as the usability of the
spectral form factor as a tool to study the scaling of the
Thouless energy.
∗ w.buijsman@uva.nl
We propose a new probe for ergodicity which elim-
inates the constraint imposed by the self-correlation,
thereby providing a more transparent quantification of
ergodicity than the spectral form factor. For this probe,
quantifying ergodicity does not involve a comparison
with the evaluation for fully ergodic systems, giving it the
additional benefit that it is applicable even for systems
that obey intermediate level statistics. We demonstrate
the use of this probe for an ensemble of random incom-
plete spectra [22, 23] and a Floquet model supporting
many-body localization [24].
The outline is as follows. Sec. II discusses the spectral
form factor and the conventional procedure that is used
to study the evolution of the Thouless energy. Sec. III de-
rives the constraints imposed by short-range level statis-
tics. Sec. IV illustrates the potential consequences of
these constraints with physically relevant examples from
random matrix theory. Sec. V introduces the new probe.
Sec. VI demonstrates the use of the probe for two models
of intermediate level statistics. A discussion and outlook
is provided in Sec. VII.
II. SPECTRAL FORM FACTOR
We consider an ensemble of spectra {λn}Nn=1 with
N  1 levels. With 〈·〉 denoting an ensemble average,
the density ρ(1)(x) and two-point correlation function
ρ(2)(λ, λ′) are given by
ρ(1)(λ) =
〈∑
n
δ(λ− λn)
〉
, (1)
ρ(2)(λ, λ′) =
〈 ∑
m6=n
δ(λ− λn)δ(λ′ − λm)
〉
. (2)
The discussion focuses on unfolded spectra, meaning that
the levels are scaled such that ρ(1)(λ) = 1 over the full
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2range of support. Besides, two-point correlations are
assumed to be translationally invariant, meaning that
ρ(2)(λ, λ′) = ρ(2)(0, λ′ − λ). The spectral form factor
K(t) [3] is defined as the Fourier transform of the clus-
ter function ρ(2)(0, λ)−ρ(1)(0)ρ(1)(λ) accompanied by an
offset,
K(t) = 1 +
∫ (
ρ(2)(0, λ)− 1
)
eiλtdλ. (3)
Because of the finite range of support for λ, the time
is a discrete variable taking values 2pin/N for n ∈ Z.
The translational invariance of the correlations allows one
to replace exp(iλt) by the real-valued cos(λt). Utilizing
the translational invariance of the correlations again, the
spectral form factor can be evaluated at relatively low
computational costs as
K(t) =
〈
1
N
(∑
n,m
ei(λn−λm)t
)〉
−Nδ(t) (4)
=
〈
1
N
∣∣∣∣∑
n
eiλnt
∣∣∣∣2
〉
−Nδ(t). (5)
Ensemble averaging is required as the spectral form fac-
tor is not a self-averaging quantity [25]. Sec. VI covers
the interpretation of the wavenumber t as a time.
The large-λ behaviour of ρ(2)(0, λ) is equivalent to the
small-t behaviour of the spectral form factor (restricting
the focus to t ≥ 0), as follows from the Fourier transform
of the expansion coefficients,∫
λ−2neiλtdλ =
pi(−1)n
(2n− 1)! |t|
2n−1 (6)
with n ∈ N [26, 27]. It is suggestive to associate the
behaviour of the spectral form factor at time t with the
two-point correlator acting over a distance proportional
to 1/t. Then, there is a lowest time from which onwards
the spectral form factor matches the evaluation for fully
ergodic systems. In the literature, this time known as the
Thouless [11, 13–19], ergodic [8–10] or ramp [12] time. It
is inversely proportional to the Thouless energy, giving
the range over which the spectra obey the correlations
as for fully ergodic systems [5]. We remark that each of
Refs. [11–19] appeared in recent years.
III. CONSTRAINTS IMPOSED BY
SHORT-RANGE LEVEL STATISTICS
A key distinction between ergodic and non-ergodic sys-
tems is the occurence of level repulsion [3]. Unfolded
spectra obey
ρ(2)(λ, λ) =
{
0 (level repulsion),
1 (no level repulsion).
(7)
Integrating the expression for the spectral form factor
as given in Eq. (3) over time shows that the value of
the self-correlation ρ(2)(λ, λ) imposes a constraint on the
time-integrated spectral form factor,∫ ∞
0
(
1−K(t)
)
dt = pi
(
1− ρ(2)(0, 0)
)
. (8)
For spectra with and without level repulsion, the integral
evaluates to respectively pi and zero. An important con-
sequence appears when determining the Thouless time.
Namely, positive (negative) differences between the spec-
tral form factor and the evaluation for fully ergodic sys-
tems at earlier times have to be compensated by negative
(positive) differences at later times. As such, one could
expect the estimated Thouless time to deviate signifi-
cantly from the value that would have been obtained by
using probes that are not sensitive to constraints.
The constraint imposed by Eq. (8) is a specific example
from a more general set of constraints when ρ(2)(0, λ) can
be expanded in powers of λ. Examples are given in Sec.
IV. Consider the inverse Fourier transform
ρ(2)(0, λ)− 1 = 1
2pi
∫ (
K(t)− 1
)
e−iλtdt. (9)
On the left-hand side, we expand ρ(2)(0, λ) in powers of
λ as
ρ(2)(0, λ) =
∞∑
n=0
cnλ
2n. (10)
Next, we take the 2n-th derivative with respect to λ on
both sides, and set λ = 0 to obtain∫ ∞
0
(
1−K(t)
)
t2ndt = pi(−1)n(2n)!cn. (11)
This equation establishes a relation between the 2n-th
derivative of ρ(2)(0, λ) at λ = 0 and the time-integrated
spectral form factor weighted by a factor t2n. By a sim-
ilar argument as above, these constraints can make the
estimated Thouless time to deviate from the value that
would have been obtained by unconstrained probes.
IV. ILLUSTRATIONS
Eqs. (8) and (11) indicate dependencies between the
spectral form factor evaluated at earlier and later times.
A physically relevant illustration is provided by the bulk
statistics of the unitary (Dyson index β = 2) random
matrix ensemble [3, 28]. In the thermodynamic limit
N →∞, unfolded spectra obey
ρ(2)(0, λ) = 1−
(
sin(pix)
piλ
)2
(12)
=
∞∑
n=0
(−1)n4npi2n
(2n)!(2n2 + 3n+ 1)
λ2n. (13)
3The level statistics of the unitary random matrix en-
semble apply to fully ergodic systems with broken time-
reversal symmetry. The constraints given by Eqs. (8)
and (11) impose∫ ∞
0
(
1−K(t)
)
t2ndt =
4npi2n+1
2n2 + 3n+ 1
(14)
for the n-th term of the expansion given in Eq. (13).
These constraints are consistent with the evaluation of
the spectral form factor [3], given by
K(t) =
{ |t|
2pi if |t| ≤ 2pi,
1 if |t| > 2pi. (15)
Various models for intermediate level statistics, such as
the short-range plasma model [29], are described by Eq.
(12) on short ranges, i.e. up to lower orders. Due to
the constraints, the corresponding spectral form factor
could match Eq. (15) down to early times, despite dis-
agreement of the two-point correlation function with Eq.
(12) at large separations. Again, one might consequently
expect the estimated Thouless time to deviate from the
value that would have been obtained when using alter-
native probes that are not sensitive to constraints.
A generalization of the above example is provided by
the Calogero-Sutherland model [30]. This model is di-
rectly related to the random matrix models, see e.g Ref.
[4]. It describes particles on a ring, interacting through a
pairwise potential with a magnitude controlled by a pa-
rameter β ≥ 1. The positions are indicated by an angle
θn ∈ [0, 2pi), where n runs over 1, 2, . . . , N with N the
number of particles. The Hamiltonian H is given by
H = −
N∑
n=1
∂2
∂θ2n
+
∑
n<m
β(β − 2)
8 sin2 [(θn − θm)/2]
. (16)
The amplitude of the ground state matches the joint
probability distribution
P (θ1, θ2, . . . , θN ) ∼
∏
n<m
∣∣eiθn − eiθm ∣∣β (17)
of the circular random matrix ensembles, where β denotes
the Dyson index [3]. The Calogero-Sutherland model
thus generalizes the Dyson index from β ∈ {1, 2, 4} to
the continues range β ≥ 1. Eq. (11) imposes a con-
straint on the time-integrated spectral form factor when
β is even (i.e. β/2 ∈ N). In the thermodynamic limit
N → ∞, these coefficients have been obtained analyti-
cally in terms of generalized factorials [31]. Noting that
the Hamiltonian of the Calogero-Sutherland model is in-
tegrable, we conjecture that these coefficients are related
to the conserved charges. For β = 4 (symplectic random
matrix ensemble), the coefficients can alternatively be
obtained from the evaluation of the spectral form factor
[3], given by
K(t) =
 |t|4pi − |t|8pi ln
∣∣∣∣1− |t|2pi ∣∣∣∣ if |t| ≤ 4pi,
1 if |t| > 4pi.
(18)
V. PROPOSAL FOR A NEW PROBE
The evolution of the Thouless time as a function of the
parameters of the system allows one to quantify the onset
of ergodicity through the spectral form factor. Because of
the constraints outlined in Sec. III, the interpretation can
however be fairly non-straightforward. Eq. (8) suggests
an alternative probe, defined as
ρ(2)(0, 0|t) = 1− 1
pi
∫ t
0
(
1−K(t′)
)
dt′. (19)
This probe gives the self-correlation as captured by the
spectral form factor evaluated at times less than t. Pois-
sonian level statistics are characterized by K(t) = 1 as
the levels are uncorrelated. With increasing t, the value
of ρ(2)(0, 0|t) thus tends to zero or one for respectively
ergodic and non-ergodic systems. It approximates the
self-correlation in a controlled way, thereby serving as a
diagnostic when evaluated at a fixed, late time.
The diagnostic proposed here is advantageous com-
pared to the Thouless time in at least two respects. First,
the constraint on the time-integrated spectral form factor
imposed by the self-correlation through Eq. (8) is elimi-
nated, making it arguably more transparent. Second, the
quantification of ergodicity is not based on a comparison
with fully ergodic systems, thereby allowing one to study
systems exhibiting intermediate level statistics.
Semiclassically, the Heisenberg time tH = 2pi is the
largest physically relevant time (see e.g. Refs. [32, 33]).
In this setting, it can be natural to quantify the onset
of ergodicity by ρ(2)(0, 0|tH). Using the evaluations of
the spectral form factors for the bulk statistics of the
orthogonal (β = 1), unitary (β = 2) and symplectic (β =
4) random matrix ensembles as given in respectively Eqs.
(22), (15), and (18), one finds
ρ(2)(0, 0|tH) =

1− 34 ln(3) if β = 1,
0 if β = 2,
0 if β = 4,
(20)
with 1 − 34 ln(3) ≈ 0.176. We note that tH = 4pi for the
symplectic ensemble as the spectra contain 2N elements
[3]. A method to numerically evaluate the integral in Eq.
(19) up to arbitrarily large times at low computational
costs is mentioned in Sec. VI.
VI. EXAMPLES
A. Randomly incomplete spectra
Randomly incomplete spectra provide an interpolation
between Poissonian and Wigner-Dyson level statistics,
for which the spectral form factor can be obtained an-
alytically [22]. Following Ref. [23], we consider the bulk
statistics of the orthogonal (β = 1) random matrix en-
semble with a randomly selected fraction 1 − f of the
4levels omitted. This ensemble was introduced originally
to study the effect of missing levels in experimental con-
texts. After rescaling the levels to unit mean level spacing
(unfolding), the spectral form factor K(t) is given by
K(t) = 1− f + fK ′(ft), (21)
where K ′(t) denotes the spectral form factor for the bulk
statistics of the orthogonal random matrix ensemble [3],
K ′(t) =

|t|
pi − |t|2pi ln
(
1 + |t|pi
)
if |t| ≤ 2pi,
2− |t|2pi ln
(
|t|/pi+1
|t|/pi−1
)
if |t| > 2pi.
(22)
The ensemble interpolates between Poissonian (f = 0)
and Wigner-Dyson (f = 1) level statistics. Level repul-
sion can be observed for f > 0. For the intermediate
value f = 1/2, the statistics are close to those of the
semi-Poisson model [34]. Evaluating ρ(2)(0, 0|t) at the
Heisenberg time t = 2pi yields
ρ(2)(0, 0|tH) = 1 + 5
2
(f2 − f) +
(
1
4
− f2
)
ln(1 + 2f).
(23)
Consistent with Eq. (20), this evaluates to respectively
unity and 1− 34 ln(3) for f = 0 and f = 1.
B. Many-body localization
Quantum systems with time-periodic Hamiltonians are
known as Floquet systems [35]. The Floquet operator UF
is given by the time-evolution operator of the Hamilto-
nian H(t) acting over a single period T ,
UF = exp
(
− i~
∫ T
0
H(t)dt
)
. (24)
Since UF is unitary, the eigenvalues can be parametrized
as eiθ with 0 ≤ θ < 2pi. The set {θn} gives the quasi-
energy spectrum. The set of quasi-energy levels of the
n-th power of UF , which is the time-evolution operator
for n cycles, is given by {θin} = {xit}. As t only enters
in the expression for the spectral form factor as θt, it has
the interpretation of a (discrete) time.
We consider the Floquet model introduced in Ref. [24].
It describes a spin-1/2 chain subject to disorder and an
external field switching back-and-forth between the two
directions. The Floquet operator is given by
UF = exp(−iτHx) exp(−iτHz), (25)
Hx =
L∑
n=1
gΓσxn, (26)
Hz =
L−1∑
n=1
σznσ
z
n+1 +
L∑
n=1
(
h+ g
√
1− Γ2Gn
)
σzn. (27)
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FIG. 1. Numerically obtained ρ(2)(0, 0|t) as a function of t
at system size L = 12 for several values of Γ. The dashed
line displays the random matrix (RMT) theory prediction for
fully ergodic systems.
The σx,zn represent Pauli matrices acting on site n. Pe-
riodic boundary conditions σx,zL+1 = σ
x,z
1 are imposed.
The Gn represent disorder sampled independently from a
Gaussian distribution with mean zero and unit variance.
The free parameters are taken as g = 0.9045, h = 0.809,
and τ = 0.8. The spectral density is uniform. The re-
sults below are obtained from statistics over at least 1000
disorder realizations. The model exhibits many-body lo-
calization [36–40]. At large L, it is indicated to be in a
localized phase for Γ . 0.3 (see also Ref. [41]).
Fig. 1 shows the evolution of ρ(2)(0, 0|t) as a function
of t. In the ergodic phase (Γ = 0.8), one observes strong
agreement with the random matrix theory evaluation,
obtained from the spectral form factor given in Eq. (22).
When approaching the localized phase, the curve tends
towards K(t) = 1 for Poissonian level statistics. Fig. 2
shows the evolution of ρ(2)(0, 0|1000) as a function of Γ.
As in Refs. [24, 41], the results are consistent with a
transition between an ergodic and a non-ergodic phase
at Γ ≈ 0.3 at large system sizes. The integral in the
evaluation of ρ(2)(0, 0|t) can be evaluated at relatively
low computational costs by using Eq. (4) and involving
N∑
n=0
cos(nx) =
1
sin(x/2)
sin
(x
2
(N + 1)
)
cos
(x
2
N
)
.
(28)
VII. DISCUSSION AND CONCLUSIONS
In summary, we revisited the interpretation of the
spectral form factor as a probe for ergodicity. We
have shown that short-range level statistics imposes con-
straints on the spectral form factor integrated over time,
which could affect its interpretation as a probe for long-
range level statistics, as well as the usability of the spec-
tral form factor as a tool to study the scaling of the Thou-
less energy. We have proposed a new probe, and argued
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FIG. 2. Numerically obtained ρ(2)(0, 0|1000) as a func-
tion of Γ for several system sizes L. For Poissonian
and Wigner-Dyson level statistics, one expects respectively
ρ(2)(0, 0|1000) = 1 and ρ(2)(0, 0|1000) ≈ 0.001.
that it is more transparent. We demonstrated the use of
this probe for two models of intermediate level statistics.
The Thouless energy can alternatively be determined
from the number variance [42]. Interestingly, this yields
results conflicting with the analysis of the spectral form
factor for several classes of systems [12]. Possibly, these
discrepancies can be explained using the results of this
paper. Next, our probe could be relevant in the recently
emerging debate on the stability of many-body localiza-
tion [19, 43, 44], in which the spectral form factor plays
a prominent role. Finally, we note that the newly pro-
posed probe broadens the range of usability to systems
displaying intermediate level statistics.
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